Inequalities for sums and direct sums of Hilbert space operators  by Hirzallah, Omar & Kittaneh, Fuad
Linear Algebra and its Applications 424 (2007) 71–82
www.elsevier.com/locate/laa
Inequalities for sums and direct sums
of Hilbert space operators
Omar Hirzallah a, Fuad Kittaneh b,∗
a Department of Mathematics, Hashemite University, Zarqa, Jordan
b Department of Mathematics, University of Jordan, University of Jordan Street, Amman 11942, Jordan
Received 17 January 2006; accepted 27 March 2006
Available online 20 October 2006
Submitted by X. Zhan
Dedicated to Roger A. Horn on the occasion of his 65th birthday
Abstract
We prove several singular value inequalities and norm inequalities involving sums and direct sums of
Hilbert space operators. It is shown, among other inequalities, that if X and Y are compact operators, then
the singular values of X+Y2 are dominated by those of X ⊕ Y . Applications of these inequalities are also
given.
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1. Introduction
Let B(H) denote the C∗-algebra of all bounded linear operators on a separable Hilbert space
H . For a compact operator X ∈ B(H), let s1(X)  s2(X)  · · · denote the singular values of X,
i.e., the eigenvalues of |X| = (X∗X)1/2 (the absolute value of X), arranged in decreasing order
and repeated according to multiplicity. The usual operator (or the spectral) norm of an operator
X ∈ B(H) is designated by ‖X‖. Thus, if X is compact, then ‖X‖ = s1(X).
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In addition to the usual operator norm, which is defined on all of B(H), we consider unitarily
invariant (or symmetric) norms ||| · |||. Each of these norms is defined on a norm ideal contained
in the ideal of compact operators, and, for the sake of brevity, we will make no explicit mention
of this ideal. Thus, when we consider |||X|||, we are assuming that the operator X belongs to the
norm ideal associated with ||| · |||. Moreover, each unitarily invariant norm ||| · ||| is a symmetric
gauge function of the singular values, and is characterized by the equality |||X||| = |||UXV ||| for
all operators X and for all unitary operators U and V in B(H). For the general theory of unitarily
invariant norms, we refer to [2] or [9].
It has been shown by Bhatia and Kittaneh [5] that if X and Y are positive operators in B(H),
then
|||X − Y |||  |||X ⊕ Y |||. (1)
Here we use the direct sum notation
⊕n
i=1 Xi for the block-diagonal operator defined on
⊕n
i=1 H
(the direct sum of n copies of H ) with operators Xi as its diagonal entries.
In view of the fact that the unitarily invariant norms are increasing with respect to the singular
values (see, e.g., [2, p. 52] or [9, p. 71]), the inequality (1) has been improved by Zhan [15] (see,
also, [16, p. 33] and [17]), in the finite-dimensional setting, so that
sj (X − Y )  sj (X ⊕ Y ) (2)
for j = 1, 2, . . .
In this paper we present several singular value inequalities and norm inequalities involving sums
and direct sums of operators. In Section 2 we establish a general Cauchy–Schwarz type inequality
for singular values. This inequality has several consequences and applications. In particular, it
will be shown that if X and Y are compact operators in B(H), then
sj
(
X + Y
2
)
 sj (X ⊕ Y ) (3)
for j = 1, 2, . . ., which supplements the inequality (2).
A very useful related norm inequality (see, e.g., [2, p. 97], [3,4]) asserts that if X and Y are
operators in B(H), then∣∣∣∣∣∣∣∣∣∣∣∣(X + Y2
)
⊕
(
X + Y
2
)∣∣∣∣∣∣∣∣∣∣∣∣  |||X ⊕ Y ||| (4)
for every unitarily invariant norm. In Section 3 we give a weighted mean norm inequality, which
is a considerable generalization of the inequality (4). Related norm inequalities are also obtained.
2. Singular value inequalities
The aim of this section is to establish singular value inequalities relating sums and direct sums
of compact operators. The following lemma is essential in our analysis (see e.g., [2, p. 75] or
[9, p. 27]).
Lemma 2.1. Let A,B,X ∈ B(H) such that X is compact. Then sj (AXB)  ‖A‖‖B‖sj (X) for
j = 1, 2, . . .
Based on this lemma, we have the following Cauchy–Schwarz type inequality for singular
values.
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Theorem 2.1. Let Ai, Bi,Xi ∈ B(H) such that Xi is compact, i = 1, . . . , n. Then
sj
(
n∑
i=1
AiXiBi
)

∥∥∥∥∥
n∑
i=1
|A∗i |2
∥∥∥∥∥
1/2 ∥∥∥∥∥
n∑
i=1
|Bi |2
∥∥∥∥∥
1/2
sj
(
n⊕
i=1
Xi
)
for j = 1, 2, . . .
Proof. On
⊕n
i=1 H , define the operators
A =
⎡⎢⎢⎢⎣
A1 · · · An
0 · · · 0
...
...
0 · · · 0
⎤⎥⎥⎥⎦ , X =
⎡⎢⎣X1 0. .
.
0 Xn
⎤⎥⎦ , and B =
⎡⎢⎣B1 0 · · · 0... ... ...
Bn 0 · · · 0
⎤⎥⎦ .
Then AXB=(∑ni=1 AiXiBi)⊕⊕n−1j=1 0, ‖A‖=∥∥∑ni=1 |A∗i |2∥∥1/2, ‖B‖=∥∥∑ni=1 |Bi |2∥∥1/2, and
sj (X) = sj
(⊕n
i=1 Xi
)
for j = 1, 2, . . . Now, the result follows by applying Lemma 2.1 to the
operators A, B, and X. 
Corollary 2.1. Let A,B,X, Y ∈ B(H) such that X and Y are compact, and A and B are
contractions. Then
sj
(
AXB + (I − |A∗|2)1/2Y (I − |B|2)1/2
)
 sj (X ⊕ Y )
for j = 1, 2, . . .
Corollary 2.1 admits the following important special case.
Corollary 2.2. Let X, Y ∈ B(H) be compact, and 0 < α < 1. Then
sj (αX + (1 − α)Y )  sj (X ⊕ Y ) (5)
for j = 1, 2, . . . In particular (letting α = 12 ), we have
sj
(
X + Y
2
)
 sj (X ⊕ Y )
for j = 1, 2, . . .
The following noncommutative Bohr inequality has been proved in [10].
Lemma 2.2. Let A,B ∈ B(H), and 0 < α < 1. Then
|αA + (1 − α)B|2  α|A|2 + (1 − α)|B|2.
Using this, together with Corollary 2.2, we have the following relevant inequality.
Theorem 2.2. Let X, Y ∈ B(H) be compact, and 0 < α < 1. Then
sj (αX + (1 − α)Y )  sj
(√
2αX ⊕√2(1 − α)Y) (6)
for j = 1, 2, . . .
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Proof. It follows, from Lemma 2.2, Corollary 2.2, and the min–max principle (see, e.g.,
[2, p. 58] or [9, p. 25]), that
s2j (αX + (1 − α)Y ) = sj (|αX + (1 − α)Y |2)
 sj (α|X|2 + (1 − α)|Y |2)
 2sj (α|X|2 ⊕ (1 − α)|Y |2)
= s2j
(√
2αX ⊕√2(1 − α)Y)
for j = 1, 2, . . . Consequently,
sj (αX + (1 − α)Y )  sj
(√
2αX ⊕√2(1 − α)Y)
for j = 1, 2, . . .
LettingY = X∗ in (3), we obtain the following singular value inequality comparing the singular
values of X to those of its real part Re X = X+X∗2 . 
Corollary 2.3. Let X ∈ B(H) be compact. Then
sj (Re X)  sj (X ⊕ X)
for j = 1, 2, . . .
It should be mentioned here that the inequality sj (Re X)  sj (X) is false for j > 1. To see this,
consider the two-dimensional example X =
[
0 1
0 0
]
. Then s2(Re X) = 12 > 0 = s2(X). However,
if λ1(Re X)  λ2(Re X)  · · · are the eigenvalues of Re X, arranged in decreasing order and
repeated according to multiplicity, then a result of Fan and Hoffman [8] asserts that λj (Re X) 
sj (X) for j = 1, 2, . . .
It has been shown in [5] that if X and Y are compact operators in B(H), then
2sj (XY ∗)  sj (|X|2 + |Y |2) (7)
for j = 1, 2, . . . This noncommutative arithmetic-geometric mean inequality is equivalent to the
inequality (2) (see [16, p. 36]).
Replacing X, in Corollary 2.3, by XY ∗ and using the inequality (7), we have the following
related inequality.
Corollary 2.4. Let X, Y ∈ B(H) be compact. Then
sj (XY
∗ + YX∗)  sj ((|X|2 + |Y |2) ⊕ (|X|2 + |Y |2))
for j = 1, 2, . . .
Based on the inequality (7), Bhatia and Kittaneh [5] proved that if X, Y ∈ B(H), then
|||XY ∗ + YX∗|||  ||||X|2 + |Y |2||| (8)
for every unitarily invariant norm. In view of the inequality (8) and Corollary 2.4, one may ask if the
inequality sj (XY ∗ + YX∗)  sj (|X|2 + |Y |2) for j = 1, 2, . . . is true. In fact, this inequality is
false for j > 1. To see this, consider the two-dimensional example X =
[
1 0
0 0
]
and Y =
[
0 0
1 0
]
.
Then s2(XY ∗ + YX∗) = 1 > 0 = s2(|X|2 + |Y |2).
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Theorem 2.3. Let A,B,X, Y ∈ B(H) such that X and Y are compact, AA∗ + BB∗  A∗A +
B∗B, and A∗A + B∗B is invertible. Then
sj ((AA
∗ + BB∗)−1/2(AXB + BYA)(AA∗ + BB∗)−1/2)  sj (X ⊕ Y )
for j = 1, 2, . . .
Proof. Let C = A∗A + B∗B, D = AA∗ + BB∗, A1 = C−1/2A, A2 = C−1/2B, B1 = BC−1/2,
and B2 = AC−1/2. Then
|A∗1|2 + |A∗2|2 = C−1/2DC−1/2  I and |B1|2 + |B2|2 = I. (9)
Now,
sj ((AA
∗ + BB∗)−1/2(AXB + BYA)(AA∗ + BB∗)−1/2)
= sj (A1XB1 + A2YB2)
 ‖|A∗1|2 + |A∗2|2‖1/2‖|B1|2 + |B2|2‖1/2sj (X ⊕ Y ) (by Theorem 2.1)
 sj (X ⊕ Y ) (by (9))
for j = 1, 2, . . . 
Corollary 2.5. Let A,B,X, Y ∈ B(H) such that X and Y are compact, A and B are positive,
and A + B is invertible. Then
sj ((A + B)−1/2(A1/2XB1/2 + B1/2YA1/2)(A + B)−1/2)  sj (X ⊕ Y )
for j = 1, 2, . . .
Corollary 2.6. Let A,B,X, Y ∈ B(H) such that X and Y are compact, A and B are self-adjoint,
Re (AB) is positive, and A + B is invertible. Then
sj ((A + B)−1(A − B)X(A − B)(A + B)−1 + (A − B)(A + B)−1Y (A + B)−1(A − B))
 2sj (X ⊕ Y )
for j = 1, 2, . . .
Proof. Let C = (A + B)−1(A − B). Since Re (AB)  0, it follows that (A − B)2  (A + B)2,
and so (A + B)−1(A − B)2(A + B)−1  I . Thus,
‖C‖ = ‖(A − B)(A + B)−1‖  1. (10)
Now,
sj ((A + B)−1(A − B)X(A − B)(A + B)−1 + (A − B)(A + B)−1Y (A + B)−1(A − B))
= sj (CXC∗ + C∗YC)
 ‖|C∗|2 + |C|2‖1/2‖|C∗|2 + |C|2‖1/2sj (X ⊕ Y ) (by Theorem 2.1)
= ‖|C∗|2 + |C|2‖sj (X ⊕ Y )
 2‖C‖sj (X ⊕ Y ) (by the triangle inequality)
 2sj (X ⊕ Y ) (by (10))
for j = 1, 2, . . . 
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Another application of Theorem 2.1 can be seen as follows.
Theorem 2.4. Let A,B,X, Y ∈ B(H) such that A and B are normal contractions, and n is a
natural number with n > 1. Then
sj
(
(I − |A|2)1/2(X − A2n−1YB2n−1)(I − |B|2)1/2
)
 sj
(
n⊕
i=1
(X − AYB) ⊕
n−1⊕
i=1
(Y − AXB)
)
for j = 1, 2, . . .
Proof. Let Ai = (I − |A|2)1/2Ai−1 and Bi = Bi−1(I − |B|2)1/2 for i = 1, . . . , 2n − 1. Then
2n−1∑
i=1
|A∗i |2 =
2n−1∑
i=1
|Ai |2 (since Ai is normal for i = 1, . . . , 2n − 1)
=
2n−1∑
i=1
(Ai−1)∗(I − |A|2)Ai−1
= I − |A|2n
 I. (11)
Similarly,
2n−1∑
i=1
|Bi |2  I. (12)
Now,
sj ((I − |A|2)1/2(X − A2n−1YB2n−1)(I − |B|2)1/2)
= sj
(
n∑
i=1
A2i−1(X − AYB)B2i−1 +
n−1∑
i=1
A2i (Y − AXB)B2i
)

∥∥∥∥∥
2n−1∑
i=1
|Ai |2
∥∥∥∥∥
1/2 ∥∥∥∥∥
2n−1∑
i=1
|Bi |2
∥∥∥∥∥
1/2
sj
(
n⊕
i=1
(X − AYB) ⊕
n−1⊕
i=1
(Y − AXB)
)
(13)
 sj
(
n⊕
i=1
(X − AYB) ⊕
n−1⊕
i=1
(Y − AXB)
)
. (14)
Here (13) follows from Theorem 2.1, and (14) follows from (11) and (12). 
By an argument similar to that used in the proof of Theorem 2.4, one can establish the following
related inequalities.
Theorem 2.5. Let A,B,X, Y ∈ B(H) such that A and B are normal contractions, and n is a
natural number with n > 1. Then
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sj
(
(I − |A|2)1/2(X − A2nYB2n)(I − |B|2)1/2
)
 sj
(
n⊕
i=1
(X − AYB) ⊕
n⊕
i=1
(Y − AXB)
)
and
sj
(
(I − |A|2)1/2(X − AnYBn)(I − |B|2)1/2
)
 sj
(
n−1⊕
i=1
(X − AXB) ⊕ (X − AYB)
)
for j = 1, 2, . . .
For commuting sequences of normal operators, we have the following improvement of
Theorem 2.1.
Theorem 2.6. Let {Ai}ni=1 and {Bi}ni=1 be two sequences of commuting normal operators in
B(H), and Xi ∈ B(H) is compact, i = 1, . . . , n. Then
sj
(
n∑
i=1
AiXiBi
)
 sj
⎛⎝ n⊕
k=1
(
n∑
i=1
|Ai |2
)1/2
Xk
(
n∑
i=1
|Bi |2
)1/2⎞⎠
for j = 1, 2, . . .
Proof. Let A = (∑ni=1 |Ai |2)1/2 and B = (∑ni=1 |Bi |2)1/2. Since {Ai}ni=1 is a sequence of com-
muting normal operators, it follows, from [7, p. 55], that there is a measure space (Z,, μ),
functions φ1, φ2, . . . , φn in L∞(μ), and an isomorphism U : H → L2(μ) such that U−1MφiU =
Ai for i = 1, . . . , n, where Mφi is the multiplication operator defined by Mφif = φif for all
f ∈ L2(μ). Let φ =∑ni=1 |φi |2 and let E = {z ∈ Z : φ(z) /= 0}. Define
ψi(z) =
{
φi(z)
φ(z)
if z ∈ E,
0 if z /∈ E.
If Ci = U−1MψiU for i = 1, . . . , n, then {Ci}ni=1 is a sequence of commuting normal operators
such that Ai = ACi = CiA for i = 1, . . . , n, and ∑ni=1 |Ci |2 is the orthogonal projection on
ran A.
By a similar argument, one can prove that there is a sequence {Di}ni=1 of commuting nor-
mal operators such that Bi = BDi = DiB for i = 1, . . . , n, and ∑ni=1 |Di |2 is the orthogonal
projection on ran B.
Now, it follows, from Theorem 2.1, that
sj
(
n∑
i=1
AiXiBi
)
= sj
(
n∑
i=1
CiAXiBDi
)

∥∥∥∥∥
n∑
i=1
|C∗i |2
∥∥∥∥∥
1/2 ∥∥∥∥∥
n∑
i=1
|Di |2
∥∥∥∥∥
1/2
sj
(
n⊕
k=1
AXkB
)
=
∥∥∥∥∥
n∑
i=1
|Ci |2
∥∥∥∥∥
1/2 ∥∥∥∥∥
n∑
i=1
|Di |2
∥∥∥∥∥
1/2
sj
(
n⊕
k=1
AXkB
)
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= sj
(
n⊕
k=1
AXkB
)
= sj
⎛⎝ n⊕
k=1
(
n∑
i=1
|Ai |2
)1/2
Xk
(
n∑
i=1
|Bi |2
)1/2⎞⎠
for j = 1, 2, . . . 
The following lemma follows from the proof of Theorem 8 in [13].
Lemma 2.3. Let A,B,C,D,X ∈ B(H) such that X is compact, 0  A  C, and 0  B  D.
Then
sj (A
1/2XB1/2)  sj (C1/2XD1/2)
for j = 1, 2, . . .
The following lemma can be found in [2, p. 123].
Lemma 2.4. For r ∈ (0, 1], the function f (t) = t r is operator concave on [0,∞).
Using these two lemmas, we obtain the following application of Theorem 2.6.
Theorem 2.7. Let A,B,X, Y ∈ B(H) such that X and Y are compact, A and B are normal,
and r is a real number with r  2. Then
sj (AX + YB)  21−1/r sj
(
(|A|r + I )1/rX(|B|r + I )1/r ⊕ (|A|r + I )1/rY (|B|r + I )1/r
)
for j = 1, 2, . . .
Proof. It follows, from Theorem 2.6, that
sj
(
AX + YB
2
)
= sj
(
AXI + IYB
2
)
 sj
(( |A|2 + I
2
)1/2
X
( |B|2 + I
2
)1/2
⊕
( |A|2 + I
2
)1/2
X
( |B|2 + I
2
)1/2)
(15)
for j = 1, 2, . . . By Lemma 2.4, we have |A|2+I2 
( |A|r+I
2
)2/r
and |B|
2+I
2 
( |B|r+I
2
)2/r
. Now,
using these together with Lemma 2.3 and the inequality (15), we have the required result. 
Our final result in this section can be stated as follows. Its proof is similar to that of
Theorem 2.7.
Theorem 2.8. Let A,B,X, Y ∈ B(H) such that X and Y are compact, A and B are normal,
and r is a real number with r  2. Then
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sj (AXB + Y )  21−1/r sj
(
(|A|r + I )1/rX(|B|r + I )1/r ⊕ (|A|r + I )1/rY (|B|r + I )1/r
)
for j = 1, 2, . . .
3. Norm inequalities
In this section we give some norm inequalities relating sums and direct sums of operators. A
basic result in this direction is the inequality (4). For an extension to n-tuples of positive operators
and applications of this inequality, we refer to [3,4,12].
In view of the inequalities (3), (4), and (6), one might conjecture that if X, Y ∈ B(H), and
0 < α < 1, then
|||(αX + (1 − α)Y ) ⊕ (αX + (1 − α)Y )||| 
∣∣∣∣∣∣∣∣∣√2αX ⊕√2(1 − α)Y ∣∣∣∣∣∣∣∣∣
for every unitarily invariant norm on B(H ⊕ H). However, this inequality is refuted by the
two-dimensional example X = I and Y = 0, with the trace norm and 12 < α < 1.
Next, we give a generalization of the inequality (4) along the lines of the inequality (5). To do
this, we need the following four lemmas. The first lemma is a special case of Theorem 2 in [14].
The second and the fourth lemmas follow from Theorems 1 and 3 in [11], respectively. The third
lemma is an extension to n-tuples of positive operators of a special case of Corollary 1 in [1] (see,
also [6]).
Lemma 3.1. Let Ai, Bi,Xi ∈ B(H), i = 1, . . . , n, and r > 0. Then∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n∑
i=1
A∗i XiBi
∣∣∣∣∣
r ∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ 
√√√√∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
(
n∑
i=1
A∗i |X∗i |Ai
)r ∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
(
n∑
i=1
B∗i |Xi |Bi
)r ∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
for every unitarily invariant norm.
Lemma 3.2. Let Ai,Xi ∈ B(H), i = 1, . . . , n, such that∑ni=1 A∗i Ai  I, and r  1. Then∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
(
n∑
i=1
A∗i |Xi |Ai
)r ∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ 
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n∑
i=1
A∗i |Xi |rAi
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
for every unitarily invariant norm.
Lemma 3.3. Let Ai ∈ B(H) be positive, i = 1, . . . , n, and 0 < r  1. Then∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
(
n∑
i=1
Ai
)r ∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ 
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n∑
i=1
Ari
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
for every unitarily invariant norm.
Lemma 3.4. Let Ai,Xi ∈ B(H) such that Ai is a contraction, 0 < αi < 1, i = 1, . . . , n, with∑n
i=1 αi = 1, and r  2. Then∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n∑
i=1
αiXiAi
∣∣∣∣∣
r ∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ 
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n∑
i=1
αiA
∗
i |Xi |rAi
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
for every unitarily invariant norm.
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Now, we are ready to present our main results in this section, which involve operator weighted
means. The first result is a considerable generalization of the inequality (4).
Theorem 3.1. LetAi, Bi,Xi ∈ B(H), i = 1, . . . , n, such that∑ni=1 |Ai |2  I,∑ni=1 |Bi |2  I,
and r  1. Then
1
n
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
n⊕
j=1
∣∣∣∣∣
n∑
i=1
A∗i XiBi
∣∣∣∣∣
r
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣ 
√√√√∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n⊕
i=1
A∗i |X∗i |rAi
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n⊕
i=1
B∗i |Xi |rBi
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
for every unitarily invariant norm. In particular, if Xi is normal, i = 1, . . . , n, then∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
n⊕
j=1
∣∣∣∣∣
n∑
i=1
A∗i XiAi
∣∣∣∣∣
r
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣  n
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n⊕
i=1
A∗i |Xi |rAi
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
for every unitarily invariant norm.
Proof. On
⊕n
i=1 H , define the operators A˜1 = diag(A1, . . . , An), A˜2 = diag(A2, . . . , An,A1),
. . . , A˜n = diag(An,A1, . . . , An−1). Let B˜i and X˜i be defined in the same manner as A˜i , i =
1, . . . , n. Then
n⊕
j=1
(
n∑
i=1
AiXiBi
)
=
n∑
i=1
A˜iX˜i B˜i , (16)
∣∣∣∣∣∣A˜∗i |X˜i |r B˜i∣∣∣∣∣∣ = ∣∣∣∣∣∣A˜∗j |X˜j |r B˜j ∣∣∣∣∣∣ =
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n⊕
i=1
A∗i |Xi |rBi
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ , (17)
and ∣∣∣∣∣∣A˜∗i |X˜∗i |r B˜i∣∣∣∣∣∣ = ∣∣∣∣∣∣A˜∗j |X˜∗j |r B˜j ∣∣∣∣∣∣ =
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n⊕
i=1
A∗i |X∗i |rBi
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ (18)
for i, j = 1, . . . , n. Now,∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
n⊕
j=1
∣∣∣∣∣
n∑
i=1
A∗i XiBi
∣∣∣∣∣
r
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣=
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n∑
i=1
A˜∗i X˜i B˜i
∣∣∣∣∣
r ∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ (by (16))

√√√√∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
(
n∑
i=1
A˜∗i |X˜∗i |A˜i
)r ∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
(
n∑
i=1
B˜∗i |X˜i |B˜i
)r ∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
(by Lemma 3.1)

√√√√∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n∑
i=1
A˜∗i |X˜∗i |r A˜i
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n∑
i=1
B˜∗i |X˜i |r B˜i
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
(by Lemma 3.2)

√√√√( n∑
i=1
∣∣∣∣∣∣A˜∗i |X˜∗i |r A˜i∣∣∣∣∣∣
)(
n∑
i=1
∣∣∣∣∣∣B˜∗i |X˜i |r B˜i∣∣∣∣∣∣
)
(by the triangle inequality)
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= n
√√√√∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n⊕
i=1
A∗i |X∗i |rAi
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n⊕
i=1
B∗i |Xi |rBi
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
(by (17) and (18)),
which yields the desired result. 
It should be mentioned here that the inequality (4) follows, from Theorem 3.1, by letting n = 2,
r = 1, and Ai = Bi = 1√2I for i = 1, 2.
Based on Lemmas 3.1 and 3.3, and using an argument similar to that used in the proof of
Theorem 3.1, we have the following result.
Theorem 3.2. LetAi, Bi,Xi ∈ B(H), i = 1, . . . , n, such that∑ni=1 |Ai |2  I,∑ni=1 |Bi |2  I,
and 0 < r  1. Then
1
n
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
n⊕
j=1
∣∣∣∣∣
n∑
i=1
A∗i XiBi
∣∣∣∣∣
r
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣ 
√√√√∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n⊕
i=1
(A∗i |X∗i |Ai)r
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n⊕
i=1
(B∗i |Xi |Bi)r
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
for every unitarily invariant norm. In particular, if Xi is normal, i = 1, . . . , n, then∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
n⊕
j=1
∣∣∣∣∣
n∑
i=1
A∗i XiAi
∣∣∣∣∣
r
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣  n
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n⊕
i=1
(A∗i |Xi |Ai)r
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
for every unitarily invariant norm.
Lemma 3.4 enables us to give another result related to the inequality (4).
Theorem 3.3. Let Ai,Xi ∈ B(H) such that Ai is a contraction, 0 < αi < 1, i = 1, . . . , n,
with
∑n
i=1 αi = 1, and r  2. Then∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
n⊕
j=1
∣∣∣∣∣
n∑
i=1
αiXiAi
∣∣∣∣∣
r
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣ 
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n⊕
i=1
A∗i |Xi |rAi
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
for every unitarily invariant norm.
Proof. Let A˜i and X˜i, i = 1, . . . , n, be defined as in the proof of Theorem 3.1. Then∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣
n⊕
j=1
∣∣∣∣∣
n∑
i=1
αiXiAi
∣∣∣∣∣
r
∣∣∣∣∣∣
∣∣∣∣∣∣
∣∣∣∣∣∣=
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n∑
i=1
αiX˜iA˜i
∣∣∣∣∣
r ∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣

∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n∑
i=1
αiA˜
∗
i |X˜i |r A˜i
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ (by Lemma 3.4)

n∑
i=1
αi
∣∣∣∣∣∣A˜∗i |X˜i |r A˜i∣∣∣∣∣∣ (by the triangle inequality)
= ∣∣∣∣∣∣A˜∗1|X˜1|r A˜1∣∣∣∣∣∣ (by (17))
=
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣
n⊕
i=1
A∗i |Xi |rAi
∣∣∣∣∣
∣∣∣∣∣
∣∣∣∣∣ (by (17)),
as required. 
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